o 
o 

(N 



o 
O 



o 
en 



^ 



University of Shizuoka 

What Happens If an Unbroken Flavor Symmetry Exists? 

Yoshio Koide 

Department of Physics, University of Shizuoka, 52-1 Yada, Shizuoka 422-8526, Japan 
E-mail address: koide@u-shizuoka-ken.ac.jp 



Abstract 



Without assuming any specific flavor symmetry and/or any specific mass matrix forms, it is 
demonstrated that if a flavor symmetry (a discrete symmetry, a U(l) symmetry, and so on) exists, 
we cannot obtain the CKM quark mixing matrix V and the MNS lepton mixing matrix U except for 
those between two families for the case with the completely undegenerated fermion masses, so that 
^Nj ' we can never give the observed CKM and MNS mixings. Only in the limit of m^i = mv2 {jnd = nris), 

1^ . we can obtain three family mixing with an interesting constraint [/e3 ~ {Vub = 0). 
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O . 1. Introduction 

^—v . It is well known that the masses of the charged fermions rapidly increase as {u,d,e) — > {c,s,fj,) — > 

^H ! (t, b, t). It has been considered that the rapid increasing of the mass spectra cannot be understood from 

pi i' an idea of "symmetry" . The horizontal degree of freedom has been called as "generations" . In contrast 

O ; to the idea of "generations" , there is an idea of "families" that the horizontal quantum number states 

1^ ■ have basically the same opportunity. It is after the democratic mass matrix model [I] was proposed that 

the idea of "families" became one of the promising viewpoints for "flavors". Nowadays, a popular idea 

to understand the observed quark and lepton mass spectra and mixing matrices is to assume a flavor 

1^^ ' symmetry which puts constraints on the Yukawa coupling constants. 

C^ ' In the present paper, we will point out that if a flavor symmetry (a discrete symmetry, a U(l) 

symmetry, and so on) exists, we cannot obtain the observed Cabibbo-Kobayashi-Maskawa [2] (CKM) 

quark mixing matrix Vq and Maki-Nakagawa-Sakata [3j (MNS) lepton mixing matrix Ue, even if we 

can obtain reasonable mass spectra under the symmetry. You may think that this conclusion is not so 

remarkable and rather trivial, because anyone thinks that the flavor symmetry is badly broken. However, 

most investigations on the broken flavor symmetries are based on speciflc models, and we are not clearly 

aware that what problem happens if a flavor symmetry, in general, exists until a low energy scale fi ^ 10^ 

GeV. In the present paper, without assuming any explicit flavor symmetry and/or any explicit mass 

matrix forms, we will demonstrate how it is serious. 

Even when we consider a broken flavor symmetry, it is important to consider the world in which 

the flavor symmetry is unbroken. In the present paper, we will conclude that in such a world with an 

unbroken flavor symmetry, the CKM and MNS mixing matrices cannot describe flavor mixings except 

for those between two families when the fermion masses are completely different from each other, and 

that only when m^i = m^2 {"nid — fns), the MNS matrix U^ (the CKM matrix Vq) can describe a three 

family mixing with an interesting constraint (C/f)e3 — {{Vq)ub — 0). This will suggests that our world 

with a broken flavor symmetry should be derived from what unbroken world. 

In the derivation of the conclusion, a requirement that the SU(2)l symmetry must not be broken plays 

an essential role. Generally, the terminology "symmetry" can have a meaning only by deflning the world 



in which the symmetry is exactly unbroken. In some of phenomenological mass matrix models, flavor 
symmetry breaking terms are brought into the theory by hand, and it is not clear whether the terms can 
be generated without breaking the SU(2)l or not. In the present paper, we regard such a model with 
an ad hoc flavor symmetry breaking as a model without a flavor symmetry, and we will comment only 
on a model where the SU(2)i symmetry is exactly unbroken at the original Lagrangian, and the flavor 
symmetry breaking mechanism does not spoil the SU(2)i invariance. 

First, let us consider that the up- and down-quark fields transform under a flavor symmetry as 

dL = U^^d'^, dR = U^j^d'j,. (1) 

If the Lagrangian is invariant under the transformation (1), the Yukawa coupling constants Y^ and Y^ 
must satisfy the relations 

mL)^Y^U^i, = Y^, iU^L)^YdU^R = Yd, (2) 

where UxLiUx^y — 1, and so on. Since these transformations must not break SU(2)l symmetry, we 
cannot consider a case with Uxl ¥" C^^l- We must rigorously take 

U^L = U^L ^ Ux. (3) 

Therefore, the up- and down-quark mass matrices M„ — Yu{H^) and Md = Yd{H^) must satisfy the 
relations 

UJ^MuMlUx = M^Ml UJ^MdMlUx - Af^Af], (4) 

independently of U^r and U^r- 

Similar situation is required in the lepton sectors. Although, sometimes, in the basis where the charged 
lepton mass matrix Me is diagonal (i.e. Me ^ De = dia,g{me,mf^,mr)), a "symmetry" for the neutrino 
mass matrix M,^ is investigated, such a prescription cannot be regarded as a field theoretical symmetry. 
For example, when we assume a permutation symmetry between neutrinos i'l2 and vls, we can obtain 
a nearly bimaximal mixing 4 . However, the symmetry is applied only to neutrino sector Mi,, and not 
to the charged lepton sector M^ = Dg. Therefore, we cannot regard this 2 <-^ 3 permutation rule as a 
"symmetry" in the field theoretical meaning, because it is badly broken the SU(2)i symmetry. 

In the lepton sectors, we must consider that under the transformations 

I'L ^Uxl^L, VR = V^j^v'j^, 

GL = Uxe'^, BR = W^Re'ji, (5) 

the Yukawa coupling constants which are defined by eLYeCR, T'lYj^cr, and Vj^Y^jI^r {u'^ = CV^) are 
invariant as follows 

U^YeUxR = Ye, 

UJ^YJ^U^XR - Y£, (6) 

UxrYmUxr = iT/- 
In other words, the mass matrices MeMl and M^, are invariant under the transformation Ux as 

U^xMeMpx = MeMl (7) 

UJ,M,U*x = Af„ (8) 



independently of the forms Uxji and Uxn, where we assumed the seesaw mechanism ^ M^ oc Yj^{Y^,j)~^{Yj^Y' . 
(Even when we do not assume the seesaw mechanism, as long as the effective neutrino mass matrix is 
given by VlM^v'^, the mass matrix must obey the constraint (8).) 

Note that the constraints (4) [and also (7) and (8)] do not always mean that the matrix forms M^Ml^ 
and MciM*j^ are identical each other. Indeed, in the present paper, we consider a general case in which the 
eigenvalues and mixing matrices between M^M^^ and MdM*^ are different from each other. Nevertheless, 
the conditions (4) [and also (7) and (8)] will put very strong constraints on the CKM mixing matrix 
Vq = (UlYuI [and also the MNS mixing matrix Ue = (C/£)^C/£], where u[ (/ = u, d, e, i^) are defined by 

{U[)HlfM]u[ = D) = diagim},,m}^,m%) (/ = u, d, e), (9) 

(Ul)Hd,{Ul)* = D,= diag(m,i,m,2,m,3). (10) 

The purpose of the present paper is to see whether it is possible or not to consider such the flavor 
symmetry without an SU(2)l symmetry breaking. Of course, further conditions 

{Uf,R)^M]MfUl,^^M]Mf {f = u,d,e), (11) 

will give more strict constraints on the mass matrices Mf. However, even apart form such an additional 
constraint, by using only the constraints (4), (7) and (8), we will obtain a severe conclusion that such a 
symmetry cannot lead to the observed CKM mixing matrix Vq and MNS mixing matrix Ug. 

2. Trouble in the CKM and MNS mixing matrices 

First, we investigate relations in the quark sectors under the conditions (4). Since we can rewrite the 
left hand of Eq. (9) by using Eq. (4) as 

[UfjMfMJUl = {Ui)^U\,MfM]UxU[ = {u[)^U],u[D){u[)^UxUi (12) 

for f = u,d, we obtain the relation 

iU^)^Dpf, = DJ, (13) 

where 

U^ = iu[)^UxU[. (14) 

Therefore, the matrix U^ which satisfies Eq. (13) must be a diagonal matrix with a form 

U^^P{= diag(e'^se^^=,e'*3), (15) 

unless the masses are not degenerated. Therefore, from (14), we obtain 

Ux = U^P^{U^y = UlP^(Ui)\ (16) 

which leads to a constraint on the CKM matrix Vq = {U'^)^U'[: 

Px=VqP^iVq)l (17) 

The constraint (17) (i.e. PxVq — ^gPx) requires 

(e»^r_e«.')(l/,),^. =0 (z,j = 1,2,3). (18) 



Only when Sf = Sj, we can obtain {Vq)ij ^ 0. For the case Si = 62 = S^ = Su (also Sf — 62 = 6^ = Sd), 
the matrix P^ = le*''" (and also P^ — le''^'') leads to a trivial result Ux = le*''" = le*'''*), so that we 
do not consider such a case. Therefore, from the requirement (17), we cannot consider such a case as all 
elements of Vq are not zero. For example, if we can take {Vq)ii ^ for i = 1, 2, 3 by taking S" — Sf = Si, 
since we must choose, at least, one of Si differently from others, we obtain a mixing matrix between only 
two families, e.g. (Vq)i3 = {Vq)3i = {Vq)23 = (K,)32 = for a case of Si = S2 ^ S3: 




V = \ * * \ . (19) 



Thus, for any choice of Sf and S^, the condition (18) cannot lead to the observed CKM mixing matrix. 
For the Icpton sectors, the situation is the same. From Eqs. (8) and (10), we obtain the constraint 

mVD^iu^^r - D,, (20) 

where 

U'x = mVUxUl (21) 

Again, if we assume that the neutrino masses are not degenerated, we obtain that the matrix U^ must 
be diagonal, and it is given by 

C/j^=Pj^^diag(e'^",e'*^e'*3), (22) 

because the constraint (20) leads to 

(m,,e-^^- - m,,e'^-) \{U^),j\ = 0, (23) 

where we have put {Ux)ij = |(t^x)ij|e"^'^. Here, differently from the matrix (15), the phases Si are 
constrained as Si = or (5f = tt (z = 1,2,3) from the condition (20). From the relations (14) and (21), 
we obtain 

Ux = UlP^{Ul)^ = U-[P^{U-^)\ (24) 

so that the MNS matrix Ui = {UlYUj^ must satisfy the constraint 

Pl = t/,P^(C/,)t, (25) 

i.e. 

{e'St_e'S^)^Ueh=0 (*,j = 1,2,3). (26) 

Again, only when (5f = i5^, we can obtain {U()ij 7^ 0, and we cannot consider a case in which all elements 
of Ui are not zero. We only obtain a mixing matrix between two families. 

Thus, the requirements (4) [and also (7) and (8)] lead to a serious trouble in the CKM matrix Vq (the 
MNS matrix C/^), even if we can suitably give the observed mass spectra. The similar conclusion has 
already been derived by Low and Volkas "^ although they have demonstrated it by using explicit mass 
matrix forms. 



3. Should we abandon any flavor symmetry? 

In order to evade the conclusion (18) [and also the conclusion (26)], we may consider a case with 
^XL 7^ ^XL l^XL 7^ ^xl\ ■ However, such a transformation breaks SU(2)i , so that it is highly unreahstic. 

If there is no symmetry breaking term in the original Lagrangian, even if we take the renormalization 
group equation (RGE) effects into consideration, the SU(2)l is never broken, and the relations (4), (7) 
and (8) are still unchanged. 

If we consider a U(l) charge model, we cannot assign different charges to uli and cIli [and also to v^i 
and CLi], so that we must take the operator Ux as 

U^L = U^L = Ux= diag(e^«i^ e^Q=^ e^«^^). (27) 

In this case, since the Higgs scalars iJ„ and Hd can have different charges, the mass terms ulMuUrHu 
and dLM^djiH^ can have different phases for the transformation. However, since the additional phases 
form Higgs sector are common for all flavors, the conclusion (18) is essentially unchanged. 

Related to an extended version of the U(l) charge model, we know the Froggatt an Nielsen model 
j2j. The model can evade the present constraints (18) and (26). In this model, each flavor state at a low 
energy scale has a different hierarchical structure, so that the fermion flavors are ones which should be 
understood from the concept of "generations" rather than from that of "families" . The constraints in the 
present paper cannot be applied to a model with "generation" structures, and the Froggatt and Nielsen 
model is indeed one of the most promising models which can reasonably understand the generations. 

Thus, it is one way to adopt a model with no flavor symmetry in order to evade the present severe 
conclusions (18) and (26). However, we know the fact (the degree of freedom of "rebasing") that we 
cannot physically distinguish two mass matrix sets (Af^, Md) and (M^, M^), where (M^, M^) is obtained 
from {Mu,Md) by a common flavor-basis rotation for the SU(2)i doublet fields. (The situation is the 
same in the lepton sector.) Only when there is a flavor symmetry, the mass matrix forms (A/„, Md) in a 
specific fiavor basis have a meaning, because the operator of the flavor rotation does not commute with 
the flavor symmetry operator Ux- Therefore, the idea of a flavor symmetry is still attractive to most 
mass- matrix- model-builders. 

4. Case of m-^i = m^2 

In order to seek for a clue to a possible symmetry breaking, let us go on a phenomenological study. 

Since the observed neutrino data |H1 El ^3 Q| have shown Am^^;^,. -C Am^ j,„ , it is interesting to 
consider a limit of m^i = m^2- In this case, the conclusion (22) [and (26)] is not correct any more, 
because the constraint (20) allows a case with (C/^)i2 7^ and {1/^)21 7^ 0: 



(28) 



or 





(29) 



where c = cos 6 and s — sin^. (Again, each clement must be real.) Therefore, we must check the relation 

P'x ^ UiU-^iUiY, (30) 

with the forms of (28) and (29) of U^, instead of (22). 

Now, we explicitly calculate UiUx{Ut)'^ by using a general form of Ui 

Ue = VPm, (31) 

where 



V 



^ C13C12 C13S12 sise"*"^ 

-C23S12 - S23Ci2Si3e*'' C23C12 - S23Si2Si3e*'' S23C13 I , (32) 

\ S23S12 - C23Ci2Sl3e*'' -S23C12 - C23Sl2Si3e*'' C23C13 



and Pm is a Majorana phase matrix 

PM=diag(e'",e^^e'''). (33) 

For the case with the form (28) of [/^, we obtain 

{U,U^Ul)i2 = -C13 {c23 (c^e-*^ + s?2e^^) s 

+S13S23 [(e** - e-'*)ci2Si2S + C-1] e-^'} (34) 

(UeU^Ul)i3 = ci3{s23(c?2e-^^ + s?2e'*)s 

-S13C23 [(e^"^ - e-^*)ci2Si2S + c - l] e-^'} (35) 

{UeU^ul)23 - C23S23 [(e*^ - e~*"^)ci25i2(l + sl^)s + 4(1 - c)] 

-S13S [s^3(4e-^* + s?2e^^)e^' + cl,{cl^e^^ + sl^e-^*)e-^'] , (36) 

where (f> — f3 — a. If C13 ^ 0, there is no solution which gives zeros for all the elements (34) - (36), except 
for a trivial solution with c = 1 (i.e. Ux = 1). If C13 = 0, there is a solution for suitable choice of (j) and 
S, and then, the matrix V takes the form 






e--' 


* * 





* * 






y = * * . (37) 



Of course, the form (37) is ruled out. Thus, the case (28) cannot lead to any interesting form of Ug. 
On the other hand, for the case (29), we obtain 

iUeU^Ul)i2 = ci3{c23[(c?2e-^^-s?2e*'^)s + 2ci25i2c] 

+S13S23 [1 + (c?2 - .4)c - (e*^ + e-'^)ci2Si2s] e-''} (38) 

{UeU^Ul)u = -ci3 {s23 [{cl2e-'^ - sl^e''^)s + 2ci2Si2c] 

-S13C23 [1 + (c?2 - s?2)c - (e*"^ + e-'*)ci2Si2s] e-^'} (39) 



iUeU'xUl)23 = C23S23 [(e^^ + e-*^)ci25i2(l + sl^)s + 4 - (0^2 - s?2)(l + sl,)c\ 

+ 513S23 [(C?2e"^* - S?2e'*)s + 2C12S12C] e'* 

-5134 [(cLe'* - 5?2e~'^)s + 2ci2Si2c] e'^^ (40) 

The case can lead to a non-trivial solution for S13 =0, cj) = /3 ~ a = and 

cos(20i2+0)-l, (41) 

i.e. 



Ue = -C23S12 C23C12 S23 Pm- (42) 



C12 


S12 





-C23S12 


C23C12 


S23 


S23S12 


-S23C12 


C23 



It should be noted that in the limit of 771,^1 — mu2, the Majorana phases in Pm must he a — (3. 

The similar result (C/^)i3 = has also been derived by Low and Volkas |B] although their interest was 
in the "trimaximal mixing" and they have assumed a specific flavor symmetry. In the present general 
study, we can obtain S13 = 0, but S12 and S23 are still free. The result (42) is a conclusion which is 
derived model-independently. 

Note that the case (29) satisfies {UxY — 1; ^o that the flavor transformation Ux also satisfles 

(Uxf = 1. (43) 

This suggests that an approximate flavor symmetry in the lepton sectors is a discrete symmetry Z2. 

Inversely, for the neutrino mass spectra with m^i ^ rn^2i if we take the operator Ux — Uj^UxiU^y 
with the form (29) of C/^, we obtain 

/ s c 

(U^)^ D,{U^y = D, + im,2 - m,i)s I c -s ] , (44) 

\ 

which leads to 

Ul-M^Ux = M^ + (771^2 - m^i)sB, (45) 

where the symmetry breaking term B is given by 



B = U'^ 



/ s c 

c ~s liW^f. (46) 



V 

The matrix B is rewritten as 





/ 





C23 


-S23 


B = 


-ui 


C23 










\ 


-S23 









(UlY, (47) 



by using the relation Ux = U^PxiUx)^ and the constraint (41). Of course, the result (45) shows that in 
the limit of m^i = 711^2 and/or s = 0, the operation Ux becomes that of the exact symmetry. The forms 
(46) and (47) of the symmetry breaking term will give a clue to a possible form of the flavor symmetry 
breaking. However, in order to fix the values of S23 and S12 (or s), we must put a further assumption. In 
the present paper, we do not give such a speculation any more. 

If we apply the similar discussion to the quark sector in the limit of md = m^, we can obtain \Vub\ — 0. 
This may be taken as the reason of \Vub\^ ^ l^chP, IKisp. 

5. Concluding remarks 

In conclusion, wc have noticed that when we assume a flavor symmetry, we must use the same operation 
Ux simultaneously for the up-quarks un and down-quarks d^i (and also for the charged leptons en and 
neutrinos I'Li), and we have demonstrated that the existence of such an operation Ux without an SU(2)l 
breaking leads to unwelcome forms of the CKM mixing matrix Vq — {U^^Ul and the MNS mixing 
matrix Ui^Uf^yU^, even if we can obtain reasonable mass spectra: in the limit of an unbroken flavor 
symmetry, the CKM and MNS mixing matrices cannot describe flavor mixings except for only those 
between two families when the fermion masses are completely different from each other, and that only 
when 771,^1 = 77ii^2 {Tn-d — rns), the MNS matrix Ue (the CKM matrix Vq) can describe a three family 
mixing with an interesting constraint {Ug)e3 = {{Vq)ub = 0). 

If we want to investigate the "generation" problem from the standpoint of flavor symmetry, our results 
(18) and (26) demands that the flavor symmetry should be completely broken at a high energy scale Mx, 
so that we cannot have any flavor symmetry below fj. = Mx- We have to seek for a flavor symmetry 
breaking mechanism under the condition that the original Lagrangian (including the symmetry breaking 
mechanism) is exactly invariant under the SU(2)l. 

For example, let us consider a two Higgs doublet model, or a 5l <-^ 5^ model ^^l- In such a model, 
the effective Yukawa coupling constants Y^ below jj, = Mx are given by a linear combination of two 
Yukawa coupling constants with different textures Y^ and Yg , 

y/ = c^y/ + dYl, (48) 

so that Yf{Y^y do not satisfy the flavor symmetry condition 

uj^Y^{Yf')^Ux = y^■(rO^ (49) 

although Y^{Y^y and Yg{Yg)'' must satisfy the conditions 

uMiYiyUx = Yi{Yi)\ UlYi{Yi)^Ux = ri(ri)t, (50) 

respectively, even if at /i < Mx- In other words, there is no operator Ux which satisfies the condition 
(49). Thus, we can break the flavor symmetry without the SU(2)l symmetry. 

However, we should note that the matrices Y^ and Yg have to satisfy the conditions (50). As an 
example, let see a two Higgs doublet model with Z3 and S2 symmetries ^^l- In the model, we assume 
that under a discrete symmetry Z3, the quark and lepton fields tpL, which belong to 10^, 5l and 1l of 
SU(5) (1l ~ i^ji), are transformed as 

IplL -^ IplL, '02L -^ UJ1p2L, IpSL -^ (^'ip3L, (51) 

where w = e^™^^. [Although we use a terminology of SU(5), at present, we do not consider the SU(5) 
grand unification.] Then, the bilinear terms QLiURj, qndRj, Jlivrj, I-LiE-rj and v^RiVRj [vr = {vrY = 



Cvfi^ and v'j^ = (i^^)] are transformed as follows: 

Lu"^ u uj \ . (52) 

\ ui^ to UJ j 

Therefore, if we assume two SU(2) doublet Higgs scalars Ha and Hb^ which are transformed as 

Ha^cjHa, Hb^co^Hb, (53) 

we obtain Yukawa coupling constants with the following textures: 



Yi = bf\ 1 xj \, (54) 





where in addition to the Z3 symmetry, we have assumed a flavor 2 ^-> 3 symmetry (S2 symmetry). At 
a high energy scale /i = Mx, the Z3 symmetry is broken, and the mixing between Ha and Hb takes 
place. We assume that the one component of the linear combinations of Ha and Hb plays a role of the 
conventional Higgs scalar, so that we obtain the following universal texture of quark and Icpton mass 
matrices Mf: 

Mf = PfMfPf , (55) 

where Pf is a phase matrix defined by 

P/ = diag(e**i , e'^^, e'^^) , (56) 

and Mf is a real matrix with a form 

_ / a/ a/ 

Mf=\ af bf bfXf I , (57) 

\ a/ bfXf bf 

[ttf and bf have been redefined by including the mixing coefficients, differently from those in the expres- 
sions (54)]. Here, note that the parameters Sf are phenomenological ones. If we still require S2 symmetry, 
we obtain 62 = ^3- If we assume an "extended 2 <-^ 3 symmetry" with a phase conversion jl4j , we can 
obtain 6^ =^ 6^, but the SU(2)i symmetry stiU requires 63 — 62 = {6^ — 6^) — {62 — 62) = 0. On the other, 
in this model, the nonvanishing value of 63 — 62 is essential to give a nonvanishing value of \Vcb\, because 
it is given by \Vcb\ — sm{63 — (52)/2 in the model. Thus, in this model, we cannot obtain reasonable CKM 
and MNS mixing matrices without breaking the SU(2)l symmetry (i.e. 63 — 62 =^ 0). For currently pro- 
posed phenomenological mass matrix models with a flavor symmetry breaking, it is important to check 
whether the mass matrix forms with a broken flavor symmetry are still invariant or not under the SU(2)l 
symmetry. 



Finally, we would like to comment on the results (42) and (43) in the case of rrij^i = mi/2- This suggests 
a possibility that we can reasonable understand the observed smallncss of |(t/£)i3| I^ and |(Vg)„b| jJHI if 
we consider a model with a flavor symmetry of Z2 type, {Ux)"^ = 1, and with ttj^i = 7711,2 and mdi = md2 
at /i > Mx ■ This will give a promising clue to possible features of the unbroken flavor symmetry. 
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